COMPLEX STRUCTURES ON §°

PHILIP ENGEL

ABSTRACT. A recent manuscript (https://alpo.ge/s6.pdf) writ-
ten by Claude, and communicated by Levent Alpdge, constructs
a l-parameter family of compact complex threefolds diffeomorphic
to S5. The goal of these notes is to describe the geometric ideas
behind the construction, and give a rough indication of the proof.
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1. INITIAL CONSTRUCTION

Let 7 : S — P! be a rational elliptic surface whose j-map has de-
gree 1, so that in suitable coordinates, j = 1728t¢, and for which there
are three singular fibers, of Kodaira types IV*, III, I;. These singu-
lar fibers correspond respectively to the order 3, 4, co corners of the
(3,4,00) triangle. There is a zero section O, and the Mordell-Weil
group is infinite cyclic. Let P € MW(S) be a generator. The section
P passes through non-identity components on both the I'V* and 111
fiber, whose component groups are Z/3Z and 7 /27 respectively.

Consider the line bundle M = Og(P — O). Translation by 6P de-
fines an automorphism tgp : S — S. Since 2 and 3 both divide 6, the
automorphism tgp acts in a manner preserving the components of the

IV* and II] Kodaira fibers.
Lemma 1.1. Hom(tipM, M) ~ 7*Op:(1).

Proof. For a general fiber S; over t € P!\ {0, 1,00}, we have that M, €
Pic’(S;). Tt follows that t;pM; ~ M, for all t € P'\ {0,1,00}. Hence
1
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tipM @ M~ is expressible as the line bundle associated to a linear
combination of vertical divisors. Since tgp acts by an element of Aut’
of every fiber, the line bundle L := Hom(t{pM, M) has multidegree 0
on every fiber. Thus, L ~ 7*Op:1(n) for some integer n, seeing as 7 has
no multiple fibers.

We compute n via Shioda’s height pairing. Since S is rational elliptic,
we have x(Og) =1, 0? = —1, and P - O = 0. The local contributions
at the I'V* and II1 fibers are % and %, respectively. Hence

(PPy=2- 3411

Consider the section () = 6. By bilinearity,
(@Q,Q) =36(P,P) =6.

Since () meets the identity component of every reducible fiber, all local
contributions involving () vanish, and Shioda’s height formula gives

6=(Q,Q)=2+2(Q-0)
It follows that (6P)-O = @ - O = 2. Similarly, (P,Q) = 6(P,P) =1
and in turn P - (6P) =P -Q = 2.
Finally, restricting L = ¢5, M~ ® M to the zero section gives

n=1L-0
=(O-P)-(6P)—(O-P)-0O
—(@-2)~(-)-0)=1 0

Corollary 1.2. There is, up to scale, a unique section
6 € Hom(typM, M)(S)

which over Al is an isomorphism, i.e. a linearization of the action of
tep on M, and having a simple zero along the fiber over oo € P!,

Let M* := M \ {zero section}. It is a threefold, which is a principal
G,,-bundle over the rational elliptic surface S. Let S° := S\ S, and
M><,o — MX|SO.

Definition 1.3. We define a Z-action on M *-° by acting by the trans-
lation (tgp)~! on the base S° and the linearizing isomorphism ¢ on
M>*. That is, the generator of Z acts by the lift of ;5 defined by ¢.

So in particular, the automorphism of M*° induced by ¢ lifts the
automorphism g, 2 over S°.

Proposition 1.4. Fiz a reference linearization ¢ as in Corollary 1.2.
There exists a constant ¢ such that for all linearizations ug, u € C*,
with |u| < ¢, the Z-action of Definition 1.3 is properly discontinuous.
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Proof. Consider the map ¢: t5pM — M which is isomorphism away
from S,,. Choose a smooth Hermitian metric on M. With respect to
this metric, the operator norm z + ||¢.|| is a continuous function on
the compact surface S, equal to zero exactly along S... It is therefore
bounded. Set C' = max,cg ||¢.|| and choose ¢ > 0 such that ¢cC' < 1.

Fix u € C* with |u| < ¢. Then, u¢ also defines a self-map of M
covering (tgp)~' as in Definition 1.3. Since the operator norm of ug,
is strictly less than 1, the action is contracting with respect to the
Hermitian norm function

MX7O —> R>0
The Z-action on this open set is therefore properly discontinuous. [
Definition 1.5. Let ¢ be a linearization as in Corollary 1.2 and let

¢ = upo with |u| < ¢, u € C* as in Proposition 1.4. We define a smooth
threefold as the quotient

X(u) = M*°)Z
of the Z-action of Definition 1.3 associated to the linearization ¢.

Proposition 1.6. X°(u) — A! is a fibration with smooth complex
2-torus fibers over A\ {0,1}.

Proof. Over t € A\ {0,1} we have an exact sequence
1->C - M — 5 —0, (1.0.1)

i.e. the fiber of M* over t is a semiabelian variety. So the universal
cover of M/ is C?, and its fundamental group is isomorphic to Z3.
Quotienting by the additional Z-action associated to the linearization
¢ gives a complex 2-torus, because the action is properly discontinuous,
see Proposition 1.4, and the additional Z-factor increases the rank of
the subgroup of C? from 3 to 4. O

Proposition 1.7. In a punctured neighborhood of oo € P! with coor-
dinate q, X°(u) is biholomorphic to

(C*>2/<(Cla CQQ): (C3Q7 C4)>
for holomorphic units ¢; € C* + O(q).

Proof. Since S, is an I; Kodaira fiber, the restriction of S to A* admits

a Tate uniformization S, ~ C*/q”. After pulling M* back to the partial
cover C* — S, and choosing a trivialization, its total space is (C*)2.

The deck transformation defining the Tate curve acts by

(z,w) = (c3q2, caw), for (z,w) € (C*)2.
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Here c3 and ¢4 are holomorphic units. The first scaling factor has order
one in ¢ because it is the Tate period, while the second has order zero
because M has degree zero and extends across the I; fiber.

The linearization ¢ gives a second transformation of (C*)2. It covers
translation by —6P on the Tate curve. Since 6P specializes to a point
of the smooth locus of the I; fiber, its multiplicative Tate coordinate
is a holomorphic unit. Thus the first component of this transformation
has the form 2z — c;2. Moreover, ¢ vanishes to first order along S, so
its action in the fiber direction of M* has the form w — cyqw, where
¢ is a holomorphic unit. Hence the second transformation is

(z,w) — (c12, coqw).

Quotienting (C*)? by these two commuting transformations gives the
asserted description of X°(u), for ¢ € A*. O

Corollary 1.8. A smooth, Kulikov filling X°(u) — X (u) over oo € P!
is provided by a Z(0,1)®Z(1,0)-periodic tiling of R? by lattice simplices
of minimal volume.

For instance, one may take the Ay tiling by triangles, in which case,
the fiber X (u)s is the result of gluing the opposite sides of a hexagon
of (—1)-curves on a del Pezzo surface dP.

Proof. This follows from a simple Mumford fan construction. The key
point is that by Proposition 1.7, the fiber over the punctured polydisk
is (C*)? modulo the subgroup generated by the rows of the matrix

C-q(g (1)>, c:(cl CQ>

C3 C4

where - denotes entrywise multiplication. Thus, a Z(0,1) & Z(1,0) ~
Z2*-periodic tiling of R? provides a Mumford construction filling the
family over ¢ = 0. Taking the triangulation of the unit square into
two triangles ((0,0), (0,1),(1,1)) and ((0,0),(1,0),(1,1)) and extend-
ing Z2-periodically gives such a tiling 7 of R% Putting this tiling at
height 1 in R? i.e. R? x {1} C R?, and taking the cone Cone(T), we
get a Z2-periodic fan, with standard affine cones.

A Z*-quotient of the toric variety of Cone(T) gives the Mumford
construction, and the central fiber is the Z?-quotient of a periodic quilt
of smooth toric surfaces, whose fans are all isomorphic to the quotient
fan Cone(T)/Rx>¢(0,0,1), which gives dP. The Z2-quotient has the
effect of taking a single such dFPs and gluing the opposite sides of its
anticanonical hexagon, as in the corollary. 0
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Proposition 1.9. The fibration X (u) — P admits a holomorphic
section. Over P\ {0, 1,00}, this section may be taken as the origin of
the smooth complex 2-torus fibers.

Proof. The restriction of M to the zero section O admits a section e
which is non-vanishing over A! and has a first order zero at oo, because
M - O = 1. On a smooth fiber, e rigidifies the degree zero line bundle
M, and gives M/ the structure of a semiabelian group with identity
es. More generally, e defines a section of X°(u) = M*°/Z — Al
Near oo, the condition that e vanishes to first order implies that
it defines a local holomorphic section of the Tate uniformization of
Proposition 1.7. O

We have thus completed the summary of the “initial construction™
We have produced a smooth, compact complex threefold X (u) for all
sufficiently small v € C*, which is a complex 2-torus fibration, with
section, and three singular fibers.

2. LOGARITHMIC MODIFICATION AT ) AND 1

We now fill the family X (u) — P! at 0 and 1 in a new way. This
logarithmic transform changes the filling without changing the torus
family over the punctured disc.

To this end, we first describe the family X (u) over a neighborhood
of 0 and 1. Observe that the SLy(Z) monodromy of S — P! about 0
and 1 have orders 3 and 4 respectively.

Proposition 2.1. Let Aqg > 0, Ay 2 1 be disks. Consider the order 3,
resp. 4 base change A — Ny, s+ s3 =t or A = Ay, s+ st =t.

(1) S xa, A admits a smooth elliptic reduction S" for i = 0,1 iso-
morphic over the origin of A to, respectively, the triangular or
square elliptic curve Ea or Epn.

(2) The linearization, viewed as a biholomorphism ¢: M*° — M*°,
lifts to biholomorphism ¢' of M' .= Qg (P — O') where P' and
O’ are the transforms of P and O.

Furthermore, the action of ¢' on Ex or Eg is trivial, and ¢’
acts on the G,,-torsor M'* (which over Ex or En corresponds
to either a 3-torsion or a 2-torsion line bundle L™, respectively)
by a scalar in C*.

Proof. The smooth reduction of the IV* and I11 Kodaira fibers after
a monodromy-trivializing base change is well known. Let S” be a res-
olution of indeterminacy of S xa, A --» S” . The biholomorphism ¢
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pulls back to a biholomorphism of the G,,-torsor M"* over S” corre-
sponding to the pullback of M. Since tgp defines an element of Aut® of
every fiber, we deduce that the lift of ¢ to a biholomorphism of M"*
preserves the components contracted over the morphism S” — S
Hence this lift descends to a linearization ¢’ of M'*, which is equi-
variant over the action of tgp: on S’. By an explicit computation of S”
and the smooth model 5, it is easily seen that P’ intersects a 3-torsion
point of KA and a 2-torsion point of En. Hence tgp acts trivially on
the central fiber Ea or En and the line bundle M'|g, o g, is either a
3-torsion or 2-torsion element L € Pic’(Ex or En) of the Picard group.
It follows that on the central fiber, ¢’ is simply an automorphism of
the G,,-torsor L* (acting trivially on the base). O

Corollary 2.2. The quotient L* /Z arising from Proposition 2.1 is an
abelian surface Ean X E'[us or Eq X E'[us.

Proof. As L is a 3- or 2-torsion bundle over Fan or Eq, the pullback
of L to an étale us- or uo-cover is trivial. Along this pullback, the
Z-action lifts to an action on C*, whose quotient is an elliptic curve
E’. Descending along the étale cover, the generator of the Z-action and
the generator of m;(C*) are preserved, showing that the quotient is an
abelian surface (rather than bielliptic). O

Corollary 2.3. The order 3, resp. 4, base change of X (u) — P! locally
near 0, resp. 1, admits a bimeromorphic modification X' — A to a
smooth complex 2-torus fibration, with filling as in Corollary 2.2.

The deck group ps resp. py4 acts on the smooth reduction S — A,
and we may recover S|, as a relatively minimal model of the quotient.
The same holds for X (u) and the filling of Corollary 2.3.

Let A == H{(X(u)t,Z) be a smooth complex 2-torus fiber, for a base
point t € P\ {0,1,00}. Let 70,71, Voo € m1(P1\ {0,1, 00},¢) be simple
closed curves, enclosing the corresponding point of P! counterclockwise.
Observe that we have the relation

V0Y1Yee = 1

and a monodromy representation
T; = p(y:) € GL(A) ~ GL4(Z).

Proposition 2.4. We have conjugacies

0 1 00 0 100 1001
1 =10 0 100 0 0110
ool g o 10D~ o 010 T~]0o0 1 0
0 0 0 1 0 00 1 000 1
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Proof. After the cyclic base changes of orders 3 and 4, the family has
good reduction at 0 and 1. Let Fj and F} denote the resulting smooth
central fibers. The isogenies in Corollary 2.2 give decompositions

A~ Hl(E,Z) D Hl(EA or DaZ) D H1<EZI>Z)

where the overlattice A is explicitly computable, of index 3 and 2 re-
spectively. The deck transformation acts on the first summand by the
usual order 3, respectively order 4, automorphism of the triangular or
square elliptic curve, and acts trivially on the second summand. So

0 1 00 0 100
1 —-10 0 100 0
Torol g g 1ol 2dTice] g g1 0
0 0 01 0 00 1

with the Z-conjugacy class again easily determined from the explicit
overlattice A. At oo, Proposition 1.7 identifies the family with the
quotient of (C*)? by two periods having g-orders (0,1) and (1,0). So
in a suitable basis,

1001
0110
Tar~zlg 0 1 0
0001

l

Remark 2.5. We record integral normal forms which are only slight
modifications of the rational normal forms above. Bases By and B; of
the overlattice A may be chosen so that

0 1 00 0 100
—1 -1 0 0 100 0
Dolso=1{ 1 1 1 0] Bls=|_1 ¢ 1 ¢
0 0 01 0 00 1

We may make a more detailed analysis of the topology' to show that
the columns of the matrix

0 —1 0 1
-1 0 01
=10 0 10
0 0 01

express B; in the basis By. In particular C? = I and we have
[Tl]Bo = C[T1]31C_1'

IThis is the main missing mathematical content of this note.
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Since the fibration over P!\ {0, 1, 0o} has a section, these two matrices
and the transition matrix C' uniquely determine the topology of the
real 4-torus fibration over P!\ {0, 1, c0}.

Definition 2.6. The local invariants are ATt = {\ € A : T;(\) = \}.

The finite group A" /A" consists of the 3-torsion translations on
the base change X (u) xa, A, which are invariant under the us deck
action, while the finite group %LATl /A" consists of the 4-torsion trans-
lations on the base change X (u) xa, A, which are invariant under the
pa-deck action. These groups of torsion sections play an important role
in the following construction.

Construction 2.7 (Log transform). Given @y € AT /A" we may
define a twisted psz-action p on the smooth reduction X’ — A of the
base change X (u) xa, A by setting

p(x) = p(z) + a@p.

Here p is the generator of the original deck action of p3 coming from
the base change A — Ay. We may then form the twisted quotient

X'/ (p)-

We require the following lemma:

Lemma 2.8. The twisted quotient X'/{p) is biholomorphic over the
punctured neighborhood Ay to X(u)|a;. Furthermore, a lift of @ to

some agy € %ATO determines explicitly such a biholomorphism.

Proof. Put vy = 3ag € AT and choose the generator of the deck group
so that it acts on the base by s +— (35. Over A* define the section
log s
Tan($) = omi | 27i
Although log s is multivalued, moving to a new branch changes o,
by an integral multiple of vy € A. It therefore defines a single-valued
holomorphic section of the family of complex tori over A*. Let

U, (x,8) = (+ 040(5), 5)

be translation by this section.
Since vy is fixed by Ty, analytic continuation gives

Oag (CSS) = TOJao (5) + ag-

_ 3logs

0 ag.

Consequently

qjaoop:ﬁo\lla()'
Thus ¥,, descends to a biholomorphism between the quotients by p and
p over Ag. The quotient by p is X (u)|as which proves the lemma. [
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There is an exactly analogous construction given an element a; €
TATH /AT and a lift a; € AT

Definition 2.9. We define the analytic space X (u, ag, a;) as the result
of gluing the twisted quotients of Lemma 2.8 associated to ag € %ATO
and a1 € $A" to X (u)|p1\(0,1y of the logarithmic transforms.

Remark 2.10. By construction, X (u,0,0) is bimeromorphic to X (u).

Corollary 2.11. When @y and a; are primitive 3-, resp. 4-torsion, the
twisted action of p on X[, for i = 0,1 is free. Thus, the fiber of

X (u,ag,ar) — P*

1s multiple, of
(1) multiplicity 3 over 0, with reduced fiber a bielliptic surface, of
Bagnera-de Franchis type ps X ps.

(2) multiplicity 4 over 1, with reduced fiber a bielliptic surface, of
Bagnera-de Franchis type jio X fi4.

Proof. See Construction 2.7 and Corollary 2.2. O

Definition 2.12. The global invariant covectors are the linear func-
tionals A — Z which are invariant under (P! \ {0,1,00}) — GL(A).

Let us comment a bit on the structure of A and the corresponding
rank 4, weight —1 VHS on the corresponding local system. By con-
struction, the complex 2-tori over a general point of P! are Z-quotients
of the semiabelian variety M, which fit into the exact sequence (1.0.1).
Thus we have a natural filtration:

0 A AL Z 50
where A* = 71 (M;*) and a further exact sequence
0=Z—>AN =N -0

where A’ is the rank 2, weight —1 local system underlying the Z-VHS
of the elliptic fibration S — P!.

Lemma 2.13. The space of global invariant covectors has rank 1, gen-
erated by the map ¢: A — Z.

Sketch. This is relatively clear geometrically. First A’ admits no in-
variant covectors. Then A* will also admit no invariant covectors so
long as the extension of A’ by Z is sufficiently non-trivial. Roughly,
this holds because M = Og(P — O) is not torsion on the fibers. A
precise proof is furnished by considering the integral matrices [Tp]g,,
[T1]p,, and change of basis C' of Remark 2.5. O
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We will see the significance of this global invariant covector in the
course of the proof of the main theorem.

3. MAIN RESULT

Theorem 3.1. Let Y(u) = X(u,ag,a;) where local monodromy in-
variants ag € %ATO and a; € }LATl are chosen so that:

(1) @y and @y are, respectively, primitive 3- and 4-torsion,
(2) [1246(a +ar)| = 1.
Then for all uw € A* in a sufficiently small punctured disk,
Y<u> diffeo SG
1s a compact complexr manifold, diffeomorphic to the 6-sphere.

Proof. By Section 4, Y (u) is simply connected. By Section 5, it has the
integral homology of S°. The Hurewicz theorem implies that Y (u) is
a homotopy 6-sphere. Smale’s generalized Poincaré theorem identifies
it topologically with S°. Finally, the group ©g of oriented smooth
homotopy 6-spheres is trivial by the computation of Kervaire-Milnor.
Hence Y (u) is diffeomorphic to the standard 6-sphere. O

4. THE FUNDAMENTAL GROUP

Put U = P'\ {0,1,00}, and J = Y (u)|y = X (u)|y. The section of
Proposition 1.9 gives a base point in every fiber. Hence

m(J) = A xm((U),

where the action on A is the monodromy representation. Write By, =
(€1, es, e3,e4) for the basis of Remark 2.5, normalized so that

lea) =1, 1pler) = h(e2) = Y(es) = 0.

We use the same letter ¢ for its extension to A ® Q. In the common
basis By we have

0 -1 0 2

_ 1 0 0 O

[Tl]Bo = C[Tl]Blc t= 0 1 1 -1
0O 0 0 1

In particular, ¢ is fixed by both monodromies.
Since Ty, = (ToTy)™!, the preceding matrices give

(Too — I)A = (€9, €3) =: K.
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These are precisely the two vanishing cycles (i.e. generators of W_, Hy)
of the Mumford construction at co. Thus K. C m(J) is killed by
filling the fiber at co. Since

To-ex =€ — ey + e3,
the normal closure of K, contains e; as well, and is exactly

ker@b = <€1, €9, €3>.

Thus the image of A in 7; of the extension of J over oo is infinite cyclic,
generated by the image ¢ of e4. Because 1 is monodromy invariant, ¢
is central.

Put vy = 3ag € AT, v; = 4a; € A1, and set

m = ¢(vo) = 3¢(ao) € Z, n=1(v)=4(ar) € Z.

Let xg, x1 be meridians around 0 and 1, lifted to the section of J. Since
the section extends over the Mumford construction at oo, we have the
relation zor; = 1. At a multiple fiber of order d, the two logarithmic
fillings impose

Proposition 4.1. The fundamental group of Y (u) is finite cyclic of
order |12¢)(ag + aq)| . In particular, under the hypotheses of Theorem
3.1, Y(u) is simply connected.

Proof. The preceding discussion gives
m (Y (u)) = (¢, x0,21 | ¢ central, zozy =1, af=c", x1=c").

Eliminating 7; = ;' makes the group abelian, generated by x4 and c,
and the remaining relations reduce this abelian group to a cyclic group
of order |[4m + 3n]. O

5. THE INTEGRAL HOMOLOGY

Let f:Y(u) — P! be the torus fibration and put V' = Hom(A, Z).
Let (aq, g, az,1) be the basis of V' dual to By, and put

p = 12¢(ap + a1) = 4m + 3n.
Over U, the local system R* f,Z has fiber A*V. The fibers over 0 and 1

are multiple bielliptic surfaces, while the fiber at co is the unimodular
Mumford fiber of Section 1. The following lemma packages the integral
information supplied by these three local models.?

2Caveat lector: All the material in this section following this line was generated
by ChatGPT 5.6-Sol and has not been checked, beyond plausibility.
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Lemma 5.1. Suppose |p| = 1. Then there are integral classes
q € A%V, r e A3V, vol € A*V
such that

k 0 1 2 3 4
HY(PYL,R*f.Z) | Z 1224 2Zq 2Zr 12Zvol.

Moreover,
H'(P' R'f.Z) = H'(P', R*f,Z) = 0,
and each of
H*(PY, R f.7), 0<j<2,
1s infinite cyclic.

Proof. We compute on a smooth fiber, then at the three special fibers,
and finally on the base. On V, the contragredient monodromies are

Toay = —a1 — ag, Tiay = ag,

Toas = ay, Tiag = —ay + 29,
Toag = az + as, Tiaz = a1 — ¥ + ag,
Toyy =, T =1,

Define the following vectors:

q=—a; Nag — 201 AN —4das N Y — 6ag N ),

r=—aq3 Aag A1, vol = a3 A ag A ag A1,
ho = a1 + 205 + 3as, hi = a1 + ag + 2.
Direct substitution gives

HY(U,R*f.7) = Z, 7o), Zq, Zr, Zvol (0 < k < 4),
and, for i = 0,1,
Vi =, h),  (NV)' = (hi Ay, q).
Let dy = 3, dy = 4, and let 7; : F; — G; be the unramified cover

from the smooth good-reduction fiber to the reduced bielliptic fiber.
For 0 < k < 4, write

spf =}« HY(Gi, Z) — HN(F, 2)" = (M)
The affine group m(G;) is generated by the translations ¢, and by p;,
with relations
pitap; ' = tr, it =t
Thus
im(sp;) = {0 € V" : d; | 0(vi) }.
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Since |p| = 1, ¥(vp) = m is a unit modulo 3 and ¥ (v1) = n is a unit
modulo 4. Evaluation on v; therefore gives

VT fim(sp)) ~ Z/d;Z,

generated by the class of 1.
The remaining indices follow from the intersection pairing. In the
bases (h; A1, q), its Gram matrices are, up to changing the sign of the

first basis vector,
0 3 0 2
3 12)° 2 12)°

Indeed, abelianization gives
H1(Gi, Z) = (A, @ Zpi) [ ((vi, —d;)),

where the matrices give Ar, ~ Z?. The last relation is primitive, so
H,(G;,Z) is free of rank 2. Poincaré duality and e(G;) = 0 then imply
that H*(G;,7Z) is torsion free and that its degree-2 pairing is unimod-
ular. The cohomological transfer (;). satisfies (m;).7} = d;, so every
sp!¥ is injective. Since pullback multiplies the degree-2 pairing by d;,
comparison of determinants gives

(APV) cim(spd)] = 1, [(A2V)" : m(sp?)] = 2.

The latter cokernel is generated by ¢: if ¢ descended at the order-4 fiber,
its square downstairs would be ¢*/4 = 3, whereas the intersection form
of Gy is even (its canonical class is torsion and H?*(Gy,Z) is torsion
free).

Perfect duality gives the same two indices in degree 3. To identify
the order-2 cokernel, replace hy by hy — ki so that it descends. Its
pairing with r is still 2, and hence is not divisible by 4; thus r does
not descend. In degree 4 the indices are the covering degrees. Writing
[A : B] for the index of a finite-index subgroup B C A, we obtain

i\k]0 1 2 3 4
(AW Dim(spP)) = 0 [1 3 1 1 3
1142 24

At o0, the toric cellular complex of the unimodular two-triangle model
identifies the specialization map from the cohomology of the Mumford
fiber with the full T, -invariant lattice. Thus no further index occurs,
and intersecting the three specialization lattices gives the asserted row
of global sections.

It remains to take cohomology on the base. For j : U < P! there is
an exact sequence

0= RFEZ — j,(A*V) = QF — 0,
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where
Q' =7/32 ® 7/4Z, Q*=Q*=17/2Z, Q* = 7/37 © 7./AZ.

Local-coefficient duality on the pair of pants gives H*(P', j,L) = L, 1,)-
Row reduction gives

Vi) = Zlag], (NV )iy = Z[Y A as), [q] = 12[¢) A a].

Since Q¥ has no H?, this proves the assertion about H?2. Finally, the
invariant lines surject onto Q' and Q2. For L = V, A%V, respectively,
the required H' group is
(To—I)LN (T —I)L
(To — 1) L™

For L = V the numerator and denominator are Zay; for L = A2V they
are Z(ay A 1). Both groups therefore vanish. O

Choose the generators

§o = w, & = wlag), £ = w A ag],

where w is a generator of H(P',Z) and the common sign is fixed below.

Lemma 5.2. The three transgressions relevant below are

d2(12¢) = p&o,
d2(2q) = pé&1,
dy(2r) = po.
Proof. The first differential measures the incompatibility of local lifts
of 12¢). The relations
Py =tw, Pl =ty

show that the two finite fibers contribute 12¢)(vg)/3 = 4m and 12¢(vy)/4 =
3n. The tautological cusp gluing contributes zero. Hence, after fixing

the common orientation, dy(12v) = p&p.
Write

da(2q) = P&, da(2r) = p"&.

The spectral sequence is multiplicative and dy is a derivation. The
identities

vAg=r, [q =12[ A a3
give p”" = 2p — p'. Applying ds to (2q)(2r) = 0 gives |p| = |p”|, since
both resulting pairings are +£2. As p # 0, we cannot have p’ = —p'.

Thus p' =p”" = p. O
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Theorem 5.3. If [12¢(ag + a1)| = 1, then

Z, k=0,6,

Thus Y (u) is an integral homology 6-sphere.

Proof. The only differentials relevant in total degrees at most 3 are the
three maps of Lemma 5.2. When |p| = 1, all three are isomorphisms.
Lemma 5.1 then gives

H'Y (u),Z) = HX(Y (u),Z) = H3(Y (u), Z) = 0.

The manifold Y (u) is closed and oriented of real dimension 6. Poincaré
duality gives the remaining assertion. O

6. ADDITIONAL REMARKS

Remark 6.1. Other than the discrete parameters in Theorem 3.1,
there is the continuous parameter u € A*. We may thus build a proper,
holomorphic submersion Y* — A* whose fiber over u is Y (u), and
similarly, for X (u), a proper holomorphic submersion X* — A* whose
fiber over w is X (u).

Does this family of complex manifolds degenerate in a nice way over
the origin 0 € A? The geometric construction is suggestive: The pa-
rameter u is a rescaling parameter for the linearization ¢: t5pM — M
discussed in Section 1. Thus as we take the limit |u| — 0, the confor-
mal ratio of the annular fundamental domain for multiplication of «
acting on G,, grows to infinity. Since, furthermore, the linearization ¢
lifts the translation ¢ Ii, this strongly suggests the following: The limit

X(0) = lim X (u)

is the following object: Take the P!-bundle Ps(O @& M) and glue the
zero section to the infinity section by tgp. This can thus be viewed
fiberwise over t € P! as a “compactified semiabelian” degeneration of
the corresponding family of complex 2-tori X;(u) as u — 0.

Conjecture 6.2. There is a flat, proper filling X — A and the central
fiber X (0) is non-normal. The normalization is Ps(O & M) and the
normalization map glues the zero and infinity sections via tgp.

For Y* — A*, which is particularly appealing, given that it is a
smooth S®-bundle over the punctured disk, it is less clear what the
limit should be, but it is natural to guess that it is a logarithmic type
transformation of X (0), whose fibers over 0 and 1 have multiplicity 3
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and 4, and whose reductions are “semiabelian type” degenerations of
bielliptic surfaces.

Remark 6.3. While Section 5 contains some rather difficult verifica-
tions, there are easier checks which can be used as positive indications
that Y (u) ~aqigeo S°. For example, the Mumford construction Y (u)q
has exactly two O-dimensional toric strata, and all other (reduced)
fibers are either bielliptic or complex 2-tori. Hence we see immedi-
ately that xiop(Y (u)) = 2 as required.

Remark 6.4. The rank 4 local system of first homologies H; (Y (u), Z)
contains a natural rank 3 sub-local system, given by the kernel of the
unique invariant (up to scale) covector ¢ of Lemma 2.13. Geometri-
cally, this rank 3 sub-local system corresponds to a real 3-dimensional
subtorus of the fibers. Quotienting fiberwise by the translational action
of this subtorus, we reduce the fibers Y (u); to circles, but some care
must be taken at t = 0,1, 00 € P!,

At t = oo, the kernel of ¢ contains the vanishing cycles W_oHy of
the nearby fiber. The quotient by the vanishing cycles torus can be
interpreted in the following manner: Take the Clemens collapse from
the nearby fiber to Y (u)s and then compose with the moment map-
ping on the glued dFs to a glued hexagon (which is a polytope of this
Mumford construction).

There is, in the construction, a distinguished edge of the glued
hexagon. Indeed Aut®(Y (u)) ~ C* and the fixed locus of this C*-action
is one of the three glued edges. This distinguished edge determines a
further quotient of the hexagonal torus to a circle. Thus over oo, this
quotient map of the first paragraph extends continuously at oo to the
composition of the moment mapping with a further quotient to a circle.

At 0 or 1, the situation is slightly different. Here, the rank 3 sub-
local system contains the local rank 2 sub-local system on which the
monodromy about 0 or 1 is nontrivial. Quotienting by the correspond-
ing subtorus gives a multiple elliptic curve E’/u3 or E'/u, because the
twisted action defining the logarithmic transform producing the biel-
liptic multiple fiber acts by a torsion translation on E’. The further
quotient collapses E’/ug or E'/uy to a circle, with multiplicity 3 or 4.

The conclusion is that the quotient by the torus associated to this
natural rank 3 sub-local system is a map S® — @ where Q is a Seifert
fibered 3-manifold over P! ~ S? with a multiple circle of multiplicity
3 over 0 and multiplicity 4 over 1. The condition |12¢(ag + a1)| = 1
in Theorem 3.1 is exactly translating to the condition Q@ ~ S3 with
S? — S? the Seifert fibration with multiplicities 3 and 4 over two points.
Thus the quotient map is a map S® — S3.
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